1 . This is a spin analogue of the liquid helium which does not solidify down to the lowest temperature (T ) due to strong quantum fluctuations 2 . Several experimental candidates were recently 
of existing and forthcoming experiments on QSLs.
Thermodynamics of QSLs has not been theoretically investigated in depth thus far mainly due to the following two difficulties. One is the scarcity of well-identified QSLs. It is hard to characterize QSL because spatial quantum entanglement and many-body effects are essential for realizing QSL 8, 9 . The other difficulty lies in less choice of effective theoretical tools. Any biased approximation might be harmful for taking into account strong quantum and thermal fluctuations.
We solve these difficulties by investigating a 3D extension of the Kitaev model 10 , which supports well-identified QSLs as the exact ground states 11 , by an unbiased numerical simulation for the thermodynamic properties.
The Kitaev model is a quantum spin model with anisotropic exchange interactions for nearest neighbour spins, originally introduced on a honeycomb lattice. The Hamiltonian is given by defined on three different types of the nearest neighbour bonds (see Fig. 1a ) 10 . This model is exactly solvable by introducing Majorana fermions 10 . The ground state phase diagram consists of gapless and gapped QSL phases 10 , as shown in Fig. 1c . The model has been studied not only from the mathematical virtue of the exact solvability but also from the experimental relevance to several iridium oxides 12 . Anyonic excitations and their relation to quantum computation have also been discussed for the anisotropic limit of the model 10 .
A 3D extension of the Kitaev model is defined on the hyperhoneycomb lattice shown in Our results on the topological transition suggest a new paradigm of critical phenomena beyond the Ginzburg-Landau-Wilson (GLW) theory. Due to the lack of local order parameter, the description based on the GLW theory is no longer applicable to the "vaporization" of QSLs. Such nontrivial finite-T phase transitions have been studied by the mean-field approximations for 3D Z 2
QSLs on the basis of the Z 2 gauge theory 19, 20 . To understand the critical properties, however, it is necessary to take into account fluctuations of a topological structure in the excitations beyond the mean-field approach. The current study presents, to our knowledge, the first unbiased results on the finite-T transition to QSLs, which may give birth to a new concept of critical phenomena beyond the conventional GLW theory.
It will also be interesting to consider the "solidification" of QSLs. Indeed, the solid phase (magnetically ordered phase) is accessible in the context of the present 3D Kitaev model, by considering additional interactions which favor a magnetic order, such as the Heisenberg exchange interaction 21, 22 . The detailed study of the magnetic three states of matter, liquid, gas, and solid, and their topological nature will provide a new insight in the research area of not only magnetism but also quantum information. and gapped QSLs, but we find no singularity except for T c in the temperature dependences. Some anomaly associated with the change of low-energy excitations may happen to be seen at much lower temperature we reached in the present simulation.
Methods
We investigate the thermodynamic properties of the 3D Kitaev model by adopting a Monte Carlo simulation. By the Jordan-Wigner transformation [23] [24] [25] , the Kitaev model can be written as a free
Majorana fermion system coupled with the Z 2 degree of freedom 24 . Formally, the model is similar to the double-exchange model with Ising localized spins, which allows us to apply the Monte Carlo algorithms developed for the double-exchange type models. Here, we adopt the conventional algorithm 26 in which the Monte Carlo weight for a given configuration of Z 2 variables is obtained by the exact diagonalization of the Majorana fermions. Details are given in Supplementary Information. The simulation is free from the fermion sign problem, and numerically exact except for the statistical errors. Also, the method is commonly applicable to the 2D honeycomb and 3D hyperhoneycomb lattices.
